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M athematical Aspect of Fourier Series

Historically, there was an assumption that any functaomle expressed by a series of
trigonometric functions. A mathematician, Fourier, detitiee formula so that we can obtain
such series. The general expression of the formula cdroba s follows:

f(x)=2+ i (an COS™X + b, sin%) (Fourier Series off (X))
n=1

wherea, :%I_LL f(x)cos?dx, and b, =1 _LL f(x)sintzdx. f(X) is a given function you want

to approximate with the serieg, andb, are called Fourier coefficients. We assume that
2L = A (wave length).

However, if you know the function as odd or evemy gan use only sine or cosine for the series.
Let us explain an even or odd function? Simply pditen you fold the graph paper with respect
to y-axis, then the both sides of plots are identicallgrlapped. This type of function is even.
For the odd one, it is symmetric with respect igior You can see cog(is an even function,

and sinK) is an odd function. Now, considering even and fashctions, we have the following
simplified expressions for Fourier series.

. = L
For an even functionf (x) =% + Zan cos"® wherea, = %_[0 f (X) cos"Z dx ..

n=1

For an odd function:f (x) :ibn sinoz whereb, Z%IOL f (x)sin 2z dx.
n=1

Here are two example problems. The function ikedahe periodical triangle wave. First, we
have the even one:

[ F+x(-m=sx<0)
f(X)_{’ZT—X(OSXSIT)

Triangle Wave (even)

From the formula and the graph, you fiagl= 0, andL = 7. Then we can calcula@, as
follows:

(z + x)cosnxdx

n n
= ’_ZTU Zcosnxdx + J'O xcosnxdx}
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:%[(%sinnx)g ( smnx J' smnxdx}
=2 [—n—lz(cosnx)gl

_ 2(1-cosnmm) _ 2(1-(-)") -
- = 2 (h=12...).

n?r

However, if n’s are even numbers, thery =0. Therefore, the series will become

f(x)= Y 2 cosnx (0dd N only),
n=1

or we can rewrite it as f(x)= ”ZC‘ZZS“ X sincen=2k -1 (k = :L2,3...).

If you express it in term by term, you will have
~ 4 Ccos3x C0s5x COS7X
f (X ~~-77(COSX'+'3—2 +5—2 +7—2+"').

Next you have the odd one, which is:
-m-X (-msx<-%)

f0={ x (-%<x<%  (L=n)
m—-x (£<xsm)
Triangle Wave (odd)
Y
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Then use the second formula:

b = %“f xsinnxdx + E(ﬂ— X)sin nxdx}

=2 (—i XCOSNX)? + %F[ cosnxdx + (- Zcosnx)? + (£ xcosnx)” —ﬁ.[:cosnxdx}
Foroddn - =2|0+% L (sinnx)z + = n—lz(sinnx)’%fj
=21 ( 1)+ (- )'*1J (1=1,23..)
S
Forevenn - =2|(-1)"Z+0-z—(-1)"z+z4(-1)" 2+ OJ =
Therefore, we obtain the Fourier series of thicfiom as
f(x)= in(2k —1)x,

which will be explicitly expressed as

f (X) ~ 4 lSlnX S|n3x + 5|225x %Z)(J
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What is ussfulnessof Fourier series? Sineand cosineare easily differentiated and integrated, so
if you expresssorre periodic fundionin terms of sineand cosing it will bevery convenient to

calculate and analyzeit.
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