Comparison between micro-canonical and canonical
ensembles and basic formulas for statistical mechanics

Micro-canonical Ensemble

Canonical Ensemble

Macroscopic N,E,V
Independent Variables

N, T,V

Partition Functions

W(N,E,V,6E) = Q(N, E,V)SE

ZC — ZZN eiBElN

Probability f= M f= %e*/jElN
Distribution Functions
Entropy S = kglogW S=kg(1+TZ)logZ

Helmholtz Free Energy F=FE—FkgTlogW

F=—kgTlogZ

Gibbs Free Energy G=FE—kp(l-— V%) log W

G=—-kg(1-VZ)logZ

Internal Energy E(given) E = —% log Z
Temperature T = [kps% logW]™! T(given)
Pressure P = kBT log W P = k’BT - log Z
Chemical Potential kBT ~ log W kBT ~ log Z
Energy Fluctuation AE =0 (AE) 852 log Z

Micro-canonical Ensemble

The number of possibility: (Bosons)
M — total quantum number for each system, and
N — the total number of the independent systems:

(M + N —1)!

War = Frv =y

The number of possibility: (Fermions)

M — total quantum number for each system, and

N — the total number of the independent systems:

N!

Wy=-—
MTUMIN = M)
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The number of possibility: (Maxwell-Boltzmann)
M — total quantum number for each system, and

N — the total number of the independent systems:

Wy = NM
Basic Relationships
Entropy:
S =klog Wy
Temperature:

105 9SoM

T OE OMOE
Heat Capacity:

oF
C=—
oT
Partition Function for Canonical Ensemble:
) 1
Classical 7z = W// exp(—BE) dq dp
Quantum 7 = Zexp(—ﬂEN,l)
!

where d is the spatial dimension of the system and 3 = (kT')~L.
Helmholtz Free Energy and the related relationships:

The Free Energy F = —kTlogZ
oF
The Ent S = ——
e Entropy 5T
oF
The P P =
e Pressure o7
20 (%)
The Internal Energy U -T a7

An Example for Obtaining a Partition Function

Consider the one-dimensional classical and quantum harmonic oscillator. The Hamiltonian

1s:
2 2 2
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H=— +
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Using gaussian integral, ffooo exp(—ax?)dr = \/g , we obtain the classical partition func-

2m 2mkT
/ / exp(—fH) dqdp—ﬂh e

tion:

Note that N =1 and d = 1.

For the quantum partition function, the energy eigenvalues are expressed as

1
En = <n+§) hv

Thus, we can calculate it as follows:

Z =) exp {5 (n+%) hu]

n

. {_ﬁhq > {exp[-Bhv]}"
Use
n _ ;
; = {exp[-2]}" = 7— exp[—z]
Then,
_ exp[5¥]
SR g
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exp[ %3] — exp[=3"]
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